65. (@) N(t) =4 - 2
(b) 4 days: 4 - 2 =64 guppies

1 week: 4 - 27 = 512 guppies
(c) N(z)=2000

4-2" =2000
2" =500
In2" =1n500
tIn2=1n500
t= In 520 = 8.9658 There will be 2000 guppies after

8.9658 days, or after nearly 9 days.

(d) Because it suggests the number of guppies will
continue to double indefinitely and become arbitrarily
large, which is impossible due to the finite size of the
tank and the oxygen supply in the water.

66. (a) y=41.770 x + 414.342

]

[=5. 25] by [0, 1500]
(b) y= 41.770(22)+414.342 =1333
1333-1432=-99
The estimate is 99 less than the actual number.
©y=mx+b
m=41.770

The slope represents the approximate annual increase
in the number of doctorates earned by Hispanic
Americans per year.

67. (a) y = (17467.361) (1.00398)" =

w,ﬂr’JV/

[=5, 25] by [17000, 20000]

|~

(b) (17467.361) (1.00398)> = 19,138 thousand or
19,138,000

19,138,000 - 19,190,000 = -52,000
The prediction is less than the actual by 52,000.

(c) _17,358 =0.0398 or 4%
(19,138)(23)
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68.(a)m=1
(b)y=—x-1
©y=x+3
d?2

69.(a) (2, ©)x—2>0
(b) (—oo, oo) all real numbers
(© f(x)=1-In(x-2)
0=1-in(x-2)
1=In(x-2)
el=x-2
x=e'+2~4718

d) y=1-ln(x-2)

x=1-In(y-2)
x—1=-In(y-2)
e =y-2
y=e ™ 42

€ (fof ) =ff(x)=rf2+e™)
=1-IQ2+e™ -2)=1-In(e"™)

=1-(1-x)=x

(fFo = (F) = 1= In(x-2)
— 2+el—(l—ln(x—2)) — 2+eln(x—2)
=2+(x—-2)=x

70. (a) (—o, =0) all real numbers
(b) [-2, 4] 1 — 3 cos (2x) oscillates between —2 and 4
(¢c) 7
(d) Even. cos (—0) =cos (0)
(e) x=2.526

Chapter 2
Limits and Continuity

51

Section 2.1 Rates of Change and Limits
(pp. 59-69)

Quick Review 2.1
1. f(2)=2(2")-52)*+4=0

42°-5 11
IO TR

3. f(2)=sin(ﬂ'§)=sin T=0

1 1
IO
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S. ‘x‘<4
—4<x<4

6. ‘x‘<cz
—?<x<c?

7. |x-2/<3
-3<x-2<3
—-l<x<5

8. ‘x—c‘<d2
—d?><x—c<d*

—d’+c<x<d®+c

0 X =3x-18  (x+3)(x=6)

x—6, x#-3
x+3 x+3

2x%—x o x2x-1) x x;tl
"ol 4x—1 Cx=Dx+D) x+1"7 72

10

Section 2.1 Exercises

Ay _16(3)* ~16(0)°

1 =481
At 3-0 Ve
2 2
5 Ay _16(4)° ~16(0)" _ 641/
At 4-0 see
2 _ 2
3, & 16+ =16G7 oy _ 01
At h
_16(3+ 0.01)> —16(9) _16(9.0601)—16(9)
- 0.01 - 0.01
144.9616—144 0.9616
= = =96l6ﬁ
0.01 0.01 K”
Confirm Algebraically
Ay _16(3+h)*=16(3)°
At h
2y 2
_16(9+6h+h") 144:96h+16h — (964160,
h h ;
if h =0, then ﬂ = 96i
At sec

4 Ay _le¢ +h)? —16(4)%
Y; h
say h=0.01
16(4+0.01)%> —16(4)?
0.01
_ 16(16.0801)— 16(16)
0.01
_257.2816-256

0.01
= 12816 = 128.16i
0.01 sec

Confirm Algebraically

Ay _16(4+h)* —16(4)°
At h
_16(16+8h+h*)—256

h
_ 128h+161°

h

= (128+16h)i
sec

if h =0, then &: 128i
At sec

5. lim 2x°=3x*+x-1)

xX—C
=23 -3¢ +c-1
A |

.X
6. lim
e x2+ 9

_ =+
249
2
7. lim 3x*Q2x-1)= 3[—1) [2(—1)— 1] = 3(1)(—2)
x——1/2 2 2 4
_ 3
T2
Graphical support:

T1=ZRz(ZR-11 }

#==5 T ly=-1s
[—3,3] by [-2,2]

8. lim (x+3)""% =(-4+3)""8=(-1)""" =1
x——4

Graphical support:

1=(1+3)°1998

Lk p— L |

[—4.001, —3.999] by [0, 5]

9. lim (x*+3x2—2x—17)= 1)’ +3(1)> - 2(1)-17
x—l1
=143-2-17=-15
Graphical support:

'|'1=H5'382-25CF.? /

H=i ¥=+15
(3, 3] by [~25, 25]




Y +5y+6 _2°+5(2)+6 20 _

10. lim 5
=2 y+2 2+2 4
Graphical support:

Vi=(HZ+EH+6)/ (He2)

H=z |'|':5
[~3,3] by [-5, 10]

2 _ )2 .
im 2 +4y+3:( 3)" +4( 3)+3:9:O

11. li
-3 yr-3 (-3)*-3 6

Graphical support:

v1=cx:+«a<k§3)}xx3v31\\—
H=-3 \Ivzo

[~5.5] by [~5. 5]

1
12. lim intx=int—=0
x—1/2 2

Note that substitution cannot always be used to find limits
of the int function. Its use here can be justified by the
Sandwich Theorem, using g(x) = (x) = 0 on the interval

©, 1.

Graphical support:
[Yizint i =
Kes—  lvso

[-4.7,4.7) by [-3.1,3.1]

13. lim (x—6)=(2-6)*=3(-8)> =64 =4
x—-2
Graphical support:

1= F((R-8))

—

=2 =y
[—10, 10] by [ 10, 10]

14. limVx+3=v2+3=15
x—2
Graphical support:
RIS [ g

]

=z ¥=z.236068
[—4.7,4.7] by [-3.1,3.1]
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15. You cannot use substitution because the expression

vx—2 is not defined at x = -2. Since the expression is not
defined at points near x = -2, the limit does not exist.

N . 1.
16. You cannot use substitution because the expression — s
X

1
not defined at x = 0. Since —- becomes arbitrarily large as
X

x approaches 0 from either side, there is no (finite) limit.

1
(As we shall see in Section 2.2, we may write lim — = oo.)
x—=0 x

- N
17. You cannot use substitution because the expression — 1is
X

X X

not defined at x = 0. Since lim U =—1 and lLim u =1,
x—0 X x=0" X

the left- and right-hand limits are not equal and so the limit

does not exist.

18. You cannot use substitution because the expression

2
w is not defined at x = 0. Since
X
2 2
(@+x) —16 8x+x” 8+x forall x #0, the limit exists
X X

and is equal to lirr(l) B+x)=8+0=8.
X

19.

YA=(H-10/(H2-10

D Y=

[—4.7,4.7] by [-3.1, 3.1]

.ox—=1 1

lim =—

x>l xz -1 2

Algebraic confirmation:

x-1 . 1 1

lim X- =lim =lim——=
ol o] i+ (k=1 xsix+1 1+1

20.

1
2

f1=(H2-3H+ 2D (HE-4)
|~

W=z =
[—4.7,4.7] by [=3.1, 3.1]

. P-3t+2 1
lim———=—
=2 {24 4
Algebraic confirmation:

2342 (=D@E-2) . t-1 2-1 1
lim 5 =lim =lim—=—-—-=—
=2 e —4 -2 —2t+2 2+2 4
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21.

F1=(SRZ+BR2IACIR Y-1602)

R=0 =
[—4.7,47]) by [-3.1, 3.1]

5x +8x2 _ _1

m =
=03x*—16x> 2

Algebraic confirmation:

5x° +8x2 x2(5x+8)
m=— - 2
x=03x" —16x° x>0 x°(3x"—16)
. S5x+8
= lim >
—03x°—16
~_ 5(0)+8
3(0)*-16
-8 __1
-16 2
22.
[F=trzem-Lonen
#=0 ﬂv:
[-4.7,4.7) by [<3.1, 3.1]
1 1
lirrl 2'+ X 2 — __41
x—0 X 4
Algebraic confirmation:
Lot
hm2+x 2=hm2_(2+x)
x—0 X x—0
— hm_ix
-0 x(2+x) (2)
. -1
= lim
1—=02(24+ x)
__ -t 1
2(2+0) 4

23.

1=z + 10T -l.’l/f','

=0 l'.-:
[—4.7,4.7] by [—5, 20]

C 2+x)°-8
hmi:
x—0 X

12

24,

25.

26.

Algebraic confirmation:

3 2, .3
lim(2+x) 8=1im12x+6x +Xx
x—0 X x—0 X

= lim (12 +6x + x%)
x—0

=1246(0)+(0)> =12

Vi=sinlZHI‘R

=N

=

=0 =

ey =y

[-4.7,4.7] by [-3.1,3.1]

. sin2x
lim =

x—=0 X

2

Algebraic confirmation:

sin2x

lim ——=21lim
x—0

x—=0 X

sin2x

=2()=2

f1=sinCRI (ZRZ-H)

_‘-_“\h
w0 Y=

[—4.7,4.7] by [—

. sin x
lim >
x—=02x% —x

3.1,3.1]

1

Algebraic confirmation:

sin x

li

{

. . [sinx 1
m =lim|—-
—=02x2_x x=0\ x 2x-1

1

. osinx ) .. 1
lim —— || lim
=0 X x—02x—1

T1=CR+sinCRII R

[—4.7,4.7] by [-3.1,3.1]

. Xx+sinx
lim ———=

x—0 X

2

Algebraic confirmation:

X +sinx

x—0 X x—0

hmzlim(1+sme

|

=1

X

lim l)+(lim Smx)
x—0 x—0 X

+1=2

o

2(0)—1

J--i
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27.

36. Since - = —1 forx <0, lim & =—1.

Y1=(sintRIIZ 0" ‘x‘ x—0" ‘X‘

37. (a) True

\/l (b) True
#=0 y=

(c) False, since lim f(x)=0.
[—4.7,4.7] by [-3.1, 3.1] x—=0"

5 (d) True, since both are equal to 0.
Snx 0 (e) True, since (d) is true.

(f) True

lim

=0 X

Algebraic confirmation:

(g) False, since lim f(x)=0.
Cosin?x . sin x =0
lim =lim| sinx-——

=0 X x—0 X (h) False, lim f(x)=1,but lim f(x) is undefined.
x—1" x—l1
g . sinx
= Jl(lg(l) smx |- 11_% N (i) False, )}Erlkf(x) =0, but .lxiinﬂf(x) is undefined.

=(sin0)(1)=0 (j) False, since hnzl, f(x)=0.

28.
38. (a) True
Y1=(35incYH I/ 5in3HY
\ (b) False, since lim f(x)=1.
x—2
/ { l \ \ (c) False, since lim f(x)=1.
| s x—2
[—2.2] by [-10, 10] (d) True
. 3sindx (e) True
lim — =4
x—0 sin3x (f) True, since lim f(x)# lim f(x).
x—1" x—l1"
Algebraic confirmation: (g) True, since both are equal to 0.
lim 3s.in34x _4 hm(si24x ) .3); ) (h) True
0 SInSx o0 ax Sinox (i) True, since lim f(x)=1for all ¢ in (1, 3).
. sindx . sin3x xoe
=4| lim +| lim
x—=0 4x x—=0 3x 39.(a) lim f(x)=3
x—3
4+ ()=4 ”

. . o (b) lim f(x)=-2

29. Answers will vary. One possible graph is given by the x—3"

window (¢) lim f(x) does not exist, because the left- and right-
x—3

[-4.7,4.7] by [-15, 15] with Xscl = 1 and Yscl = 5.
hand limits are not equal.

30. Answers will vary. One possible graph is given by the

window dre)=1
[-4.7,4.7] by [-15, 15] with Xscl = 1 and Yscl = 5. 40. (a) IE{H“, 8(n=5
31. Since int x = 0 for x in (0, 1), xlgg intx =0. (b) ,E{n4+ et)=2

32. Since int x =—1 for xin (-1, 0), XILHOI intx=-—1. (¢) lim g(#) does not exist, because the left- and right-
t——4

33. Since int x=0 for x in (0, 1), lim intx=0. hand limits are not equal.
x—0.

(@) g(-4)=2

34. Since int x = 1 forxin (1, 2), lim intx=1.
x—27

35. Since ;=1 forx >0, lim /7 =1.

x| 0" x|

55
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41.(a) lim f(h)=-4
h—0"
(b) lim f(h)=—4
h—0"
(¢) lim f(h)=—4
h—0

@r0)=-4
42. (a) lin; p(s)=3

(b) lim p(s)=3
(c) limzp(s)=3

(@) p(-2)=3
43. (a) h%‘, F(x)=4

(b) 11n01+ F(x)=-3

(¢) lim F(x) does not exist, because the left- and right-
x—0

hand limits are not equal.
d) F)=4
4. (a) lim G(x)=1
x—27

(b) 1irr21+ Gx)=1

(0 lirr; Gx)=1

d)G2)=3
2 p— p—
45. y1=x +x 2:(x 1)(x+2)=x+2,x¢l
x—1 x—1
(©
2
Xy — +1D)(x-2
46. y, - x 2:(x )(x—2)
x—1 x—1
(b)
2 2
47, y1=x 2x+1:(x 1) L x#l
x—1 x—1
GV
2 p— p—
48. y1=x +x 2:(x D(x+2)
x+1 x+1
(a)

49. (a) lim (g(x)+3)=(1in}‘g(x))+(1_ini3)=3+3=6

mx)(li_rgf(x))=4-0=0

li
x—4

(b) limx f(x)= (
x—4

2
(¢) lim g (x)= (hn}1 g(x)) =3>=9

lim g(x)
@) lim—S&)_ =

v f(X)=1 (lmf(x))_(iﬂl) =——=-3

3
0-1

50. (a) lim (f(x)+g(x))= (lim f(x))+(lim g(x))
x—b x—b x—b
—7+(=3)=4
) Tim (7 (0= 1im 700 1m ¢(0)
x—b x—b x—b
=(7) (-3)=-21
(c) lirr1174g (x)=4 lin})g(x) =4(-3)=-12
Fx) lim f(x) 7 7

(d) lim = 22k = =-"
x-bg(x) limg(x) -3 3
x—b

51. (a)

\\/

[-3, 6] by [-1, 5]
(b) lim f(x)=2;lim f(x)=1
x—2" x—27

(¢) No, because the two one-sided limits are different.

52. (a)
iy

N

[-3, 6] by [-1, 5]
() lim f(x)=1; lim f(x)=1
x—2" x—2

(¢) Yes. The limit is 1.

53. (a)
J

(-5, 5] by [4, 8]

(b) lim f(x)=4;lim f(x) does not exist.
x—1* x—1"

(¢) No, because the left-hand limits does not exist.
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54. (a) 58.(a)

s ’
/1 ’

[-4.7,4.7] by [-3.1, 3.1] [-4.7,4.7] by [-3.1, 3.1]
(b) lim f(x)=0; lim f(x)=0 (b) (=eo, ~1) U (=1, D) U (1, e0)
o = (¢) None
59.

d) None
(¢) Yes. The limit is O. @

55. (a)

T1=Hsin(i)

AN LS
N

H=0 V=0 \

[—4.7,47] by [-3.1,3.1]

[-2m, 2] by [-2, 2]
(b) (=27, 0)U(0, 2) lim(xsinx) =0

(©) c=2m Confirm using the Sandwich Theorem, with g(x)= —‘x‘
d) c=-2m

56. (a)

and h(x)= ‘x‘

‘xsinx‘ = ‘stinx‘ < ‘x‘~1= ‘x‘

J —‘x‘stinxS‘x‘
_/"H_

_ Because lim (—‘x‘) = lim ‘x‘ =0, the Sandwich Theorem
x—0 x—0

/— gives liH(l) (xsinx)=0.
[, 7] by [-3, 3] ”

60.

2]

(b) (—77',

Ti=HEsinlH)

/)

©)c=7m d) c=-7m \\-//
57. @ #=0 =0 \
. [~4.7.4.7] by [-5, 5]
h\k-—- lim (x?sinx)=0
x—0
Confirm using the Sandwich Theorem, with g(x) = —x? and
-2,4] by [-1
[-2,4] by [-1, 3] hx) = x2.
() 0, Hu(,2)
222l ein o] < [52] 1 = 42
©c=2 @dc=0 ‘x smx‘ ‘x“smx‘_‘x‘l x“.

—x?<x?sinx <x?

Because lim (—x?)= lim x? =0, the Sandwich Theorem
x—0 x—0

gives lim (x*sinx)=0
x—0
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61.

62.

Pi=REsin(1/0%)

‘N:I:I ¥=
[—0.5, 0.5] by [-0.25, 0.25]

lim (xz sin12) =0
x—0 X

Confirm using the Sandwich Theorem, with g(x) =— x*and

h(x) = x°.

L1
-|sin—
%2

.1
xzsm—2 =‘x
X

S‘xz‘-lzxz.

i

1
—x?<x? sm—2Sx2
X

Because lim (—xz) = lim x*> =0, the Sandwich Theorem
x—0 x—0

give lim (xz sin12) =0.
x—0 X

Yi=Hzcos(1/83)

H=0 =
[~0.5, 0.5] by [—0.25, 0.25]

lim (xz coslz) =0
x—0 X

Confirm using the Sandwich Theorem, with g(x) =— x*and

h(x) = x>

xzcos—2 S‘xz‘lzxz.

2‘)62" COS —
X

1
—x*<x? cos— <x?
X

Because lim (—xz) = lim x*> =0, the Sandwich Theorem
x—0 x—0

give lim (xz 00512) =0.

x—0 X

63. (a) In three seconds, the ball falls 4.9 (3)2 =44.1 m, so its

average speed is % =14.7 m/sec.

(b) The average speed over the interval from time # =3 to
time 3 + A is

Ay _493+h)’-4903)" _4.9(6h+h*)

At G+h)-3 h
=29.4+4.9h

Since lim (29.4+4.9h) =29.4, the instantaneous speed
h—0

is 29.4 m/sec.
64.(a) y= gt2
20=g(4%)
g= 20 = S or1.25
16 4

2
(b) Average speed = 70 =5 m/sec

(c) If the rock had not been stopped, its average speed over
the interval from time =4 totime r=4 + h is

Ay _1.25(4+h)’—1.25(4)° _ 1.25(8h+h’)

At 4+h)—4 h
=10+1.25h
Since ;1.1% (10+1.25h) =10, the instantaneous speed is
10 m/sec.
65. True. The definition of a limit.
66. True
nm(“me: lim(1+smx)= 1 lim S2E
x—0 X x—0 X =0 X
sinx=xas x—0.
67.C.
68. B.
69.E.
70. C.
71. (a)

X -0.1 -0.01 -0.001 | -0.0001

f(x) | —0.054402 | —0.005064 | —0.000827 |—0.000031

(b)
X 0.1 0.01 0.001 | 0.0001

f(x) | —0.054402 | —0.005064 | —0.000827 | —-0.000031

The limit appears to be 0.



72. (a)
X -0.1 -0.01 —-0.001 -0.0001
f(x) 0.5440 0.5064 —0.8269 0.3056
(b)
X 0.1 0.01 0.001 0.0001
f(x) —0.5440 -0.5064 0.8269 —-0.3056
There is no clear indication of a limit.
73. (a)
X -0.1 -0.01 —-0.001 -0.0001
f(x) 2.0567 2.2763 2.2999 2.3023
(b)
X 0.1 0.01 0.001 0.0001
f(x) 2.5893 2.3293 2.3052 2.3029
The limit appears to be approximately 2.3.
74. (a)
X -0.1 -0.01 —-0.001 -0.0001
fx) | 0.074398 | —0.009943 | 0.000585 0.000021
(b)
X 0.1 | 0.01 0.001 0.0001
fx) | —0.074398 | 0.009943 | —0.000585 | —0.000021

The limit appears to be 0.

75. (a) Because the right-hand limit at zero depends only on
the values of the function for positive x-values near

Zero.
1 . 1 . sin@
(b) Area of AOAP = E(base) (height) = 5(1) (sinf)=——
SN2 2
Area of sector OAP = (angle) (radius) = A0 = g
Area of AOAT = %(base) (height) = %(1) (tan0) = g

(c) This is how the areas of the three regions compare.

(d) Multiply by 2 and divide by sin 6.

(e) Take reciprocals, remembering that all of the values
involved are positive.

(f) The limits for cos 6 and 1 are both equal to 1. Since

sin 6

T is between them, it must also have a limit of 1.

(@

sin(=f) _—sinf _sinf
-0 -6

0

77. (a) f(Z) —sin 7]

(h) If the function is symmetric about the y-axis, and the
right-hand limit at zero is 1, then the left-hand limit at
zero must also be 1.

(i) The two one-sided limits both exist and are equal to 1.
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76. (a) The limit can be found by substitution.

lim f (x)= f (2)=3(2) -2 =Ja=2

(b) The graphs of y, = f (x), y, = 1.8, and y; = 2.2 are
shown.

e

T

Intersection
¥=1.7466667 .Y=1.8 . . .

[1.5,2.5] by [1.5, 2.3]

The intersections of y, with y, and y, are at x = 1.7467
and x = 2.28, respectively, so we may choose any
value of a in [1.7467, 2) (approximately) and any
value of b in (2, 2.28].

One possible answer: a = 1.75, b =2.28.

(c) The graphs of y, =f (x), y, = 1.99, and y, = 2.01 are
shown.

A

Intersection
#=1.9867 ¥=1.99

[1.97, 2.03] by [1.98, 2.02]

The intersections of y, with y, and y; are at x = 1.9867
and x = 2.0134, respectively, so we may choose any
value of @ in [1.9867, 2), and any value of b in

(2, 2.0134] (approximately).

One possible answer: a =1.99, b =2.01.
7T —
6 2

(b) The graphs of y, =f(x), y, =0.3, and y, = 0.7 are shown.

e

Intersection
DT ey oy e R —

[0, 11 by [0, 1]

The intersections of y, with y, and y, are at x = 0.3047
and x = 0.7754, respectively, so we may choose any

value of a in |:0.3047,76T], and any value of b in

(767,0.7754], where the interval endpoints

are approximate.

One possible answer: a = 0.305, b = 0.775.
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77. Continued 2. Both f'and g oscillate between 0 and 1 as x — oo, taking on
(¢) The graphs of y, = f(x), v, = 0.49, and y, = 0.51 are each value infinitely often. We cannot apply the sum rule
shown. ‘ i because neither limit exists. However,

lim (sin® x + cos® x) = lim (1) =1,

X—o0 X—>o0
/ so the limit of the sum exists.

3. The limit of fand g as x — e do not exist, so we cannot
apply the difference rule to f— g. We can say that
lim f(x)= lim g(x)=-cc. We can write the difference as
X—o0 X—>00

Intersection
#=.512085975 .¥=.48
]

[0.49, 0.55] by [0.48, 0.52]

The intersections of y, with y, and y; are at x = 0.5121 5
and x = 0.5352, respectively, so we may choose any f(xX)—g(x)=InQRx)—In(x+1)= 1n7x1, We can use
X+

value of a in |:0.5121,7TJ, and any value of b in graphs or tables to convince ourselves that this limit is
6 equal to In 2.

PN

. The fact that the limits of fand g as x — e do not exist
does not necessarily mean that the limits of f+ g, f— g or
approximate. f

(767,0.5352], where the interval endpoints are

- do not exist, just that Theorem 5 cannot be applied.
One possible answer: a = 0.513, b =0.535. 8
78. Line segment OP has endpoints (0, 0) and (g, a?), so its Quick Review 2.2
0 0402 ) 1. y=2x-3
+a 0+
midpoint is a, 4 1= E,a— and its slope is y+3=2x
2 2 2°2 y+3
=X
a* -0 2

= a. The perpendicular bisector is the line through

a—0 Interchange x and y.
2
1
g,i with slope ——, so its equation is x+3 =
2 2 a 2
- x+3
1 a) d* L . o=
y=——| x—— |+, which is equivalent to 2
a 2 2
1 1+d’ 1+a’
y=——x+ a . Thus the y-interceptis b= a . As the o
a 2 2 L
point P approaches the origin along the parabola, the value
of a approaches zero. Therefore,

[-12, 12] by [-8, 8]

1+a> 1+0> 1

lim b = lim —. x
P->0 as0 2 2 2 2.y=¢
Section 2.2 Limits Involving Infinity Iny=x
(pp. 70-77) Interchange x and y.
Exploration 1 Exploring Theorem 5 Inx=y
1. Neither lim f(x) or lim g(x) exist. In this case, we can f*l(x) =Ilnx
xX—>oo X—>o0

describe the behavior of fand g as x — oo by writing
lim f(x)=co and lim g(x)= . We cannot apply the
x—>o0 X—00

quotient rule because both limits must exist. However,
from Example 5,

. . [-6, 6] by [4, 4]
fim XS0 (5+S‘“)=5+0=5,

X—>o0 X X—>00 X

so the limit of the quotient exists.



3. y=tan'x

tany=x _E< <z
y b 2 y 2

Interchange x and y.

T T
tanx=y,—5<x<5

1 o a
xX)=tanx,——<x<—
f 5 5
[-6, 6] by [4, 4]
4.y= cot™' x
coty=x,0<x<m
Interchange x and y.
cotx=y,0<y<mw
fﬁl(x)zcotx,0<x<7'r
—
[-6, 6] by [4, 4]
5. 2
3
3x3+4x—5)2x3—3x2+x -1
2x3 +0x2 +8x—E
3 3
—3)62—§x+z
33

2
(I(x)—g

5 7
=-3 2_~2 +—
r(x) X 3x 3

6. 252 +2x+1

x3—x2+1)2x5+ ox*— XP+0x*+ x-1

2x° — 2x* + 03+ 247

2t = o2+ x-1
2x* =203 +0x% + 2x

-2t x-1

3 2

x’— x"+ 0x+1
—x'- x=2

q(x):2x2+2x+1

r(x)=—x2—x—2

Section 2.2

7. (a) fi—x) = cos (—=x) = cos x
M
X X
8.(@f(n=eV=¢

(b) f(l)= e
X

9.(a) f—x)= 1n(xx) ln(—x)

10. (@) f(—x)= (—x+)sm( x)——(x+1)(—sinx)
X
( 1)
— [sinx
X
x X X

Section 2.2 Exercises
1.

—J—

[—5,5] by [-1.5, 1.5]

X | Kl
100 | .85835
200 | 83339
00 .59g8g
o |1
100 | 9399
-zo0 | 33933
-300 | 99853

Y1Bcos (1K

(@ lim f(x)=1
(b) lim f(x)=1

(©) y=1

61



62 Section 2.2

.. -

[=10,10] by [—1, 1] [—20,20] by [—4, 4]
X LT 1

1090 ~.0087 100 2951

| ® |tk

1000 L3E-Y4 Yoo ¢ 9878

=100 ~0087 100 ~2.931

=200 ~0043 200 -2.965

~E00 00165 ~300 ~2.877
Y1Bsin(2X) ¥ V1B(3K+1) s C(abs (..

(@ lim f(x)=0 (@ lim f(x)=3

(b) lim f(x)=0 (b) lim f(x)=-3

(©)y=0 ©y=3,y=-3

} i

ia .

[—5, 5] by [—10, 10]

[—20, 20] by [—4, 4]

£ lif AT
100 YE "4& 100 20515
206 | PE-80 200 | 20354
300 0 20404
Yoo 0 1000 2.005
100 ZEML =100 “2.072
z00 | -4EBY -200 | -z03s
500 | ERROR -2,

V1 Be™ (K K

(@ lim f(x)=0

Y1B(2X-1>/(abs (..
(a) lim f(x)=2
X—o0

(b) lim f(x)=—eo (b) lim f(x)=-2

(©y=0

\J{/

[~10, 10] by [—100, 300]

©y=2,y=-2

[=5,5] by [-2,2]

B s |kl
100 | 28128 wo 1
zo0 | 1i82Z6 200 |1
Fon | 257328 g0 |1
L] Y7a4CA 100 |4
100 | 30927 100 | -1
-200 | 121826 200 -1
~300 E7e7eh “E00 -1
VABCIKI-RK+1 27 (K. V18X abs (X

(@) lim f(x)=o0 (@ lim f(x)=1

(b) lim f(x)=co () lim f(x)=-1

(¢) No horizontal asymptotes. ©y=1,y=-1



8.

[-5,5] by [—2,2]
X |kl

100 EEIT

200 [EEGZ
o a9

1000 g9

=100 29

=z 88502

-500 | 53

Y1Babs (X))~ (abs (..

(@ lim f(x)=1

(b) lim f(x)=1

(©y=1
9.0<1-cos x<2.8So, for x >0 we have 0S1—cosxSi2.
By the Sandwich Theorem, !
0= lim (0) = lim 1“?“ = lim %:0.
x—300 x>y x—o0 x

1
10.0<1-cos x<2. So, for x >0 we have ——ZSI—cosxSO.

X
By the Sandwich Theorem,

1—cosx . 1
= lim —=0.
2 2o 2

0= lim (0)= lim

X—>—00 X—>—o0 x

11. —1<sinx <1
-1 1
lim —= lim —=0.
X—— X X——0 X

12. —1<sin(x?) <1
1

lim _—lzlim —=0.
X X x>0 X

13.

=

[=2.6] by [—1,5]

P

]

4 25
z

i

o1 | 100
001 | 1000
o004 | 10000
Y1E1-(X-23

2.
£.
2.
2.
£
£
2.
1

. 1
lim
=2 x—=2

= oo

Section 2.2

14.
[—2,6] by [-3,3]
PAT |
iz -8
1.6 -y
18 -5
139 -18
198 -i98
1888 -138g
13399 | -19333
W1BRCR=22
lim =—oo
=2 x—2
15.

[=7,11by [-3,3]

E

-3.8 -1.2%

“34 2.5

"33 "3.33F

32

“31 =10

=301 =100

=3.001 | 1000
Y181/ CE+3)

im =—o0
=3 x+3

16.

|

[=7.1] by [=3,3]

%
2.2 -z.75
“g.6 -6.5
2.7 -5
-z.8 =14
-z b+
-z.88 -£98
-2.999 | -z939

Y1 BX (843D
. 1

lim ——=—o0

-3 x+3

63



64 Section 2.2

17. 20.
.-H'//'f: e \\.4/,
[—4,4] by [-3,3] [—ar, m] by [-3, 3]
AT 1 | R
B 0 16 “34.2%
N 0 1.8 =EZ.0B
2z 0 1.58 -108.7
i 0 1576 | -192:2
i 0 1.57e =Bz0.8
iEw |8 185un | 25
I BNt (Ro /4 ¥1B1-cos (%)
. intx lim secx=—o0
0 i
2 2
18. 21 v=[o_ by X [2x+D-x X
: - x+1)\ 542 x+1 )\ 542
e e _(x+2) x2 _ x> +2x?
x+1 )l 5+ %2 X +x?+5x+5
3

An end behavior model for y is X - 1.

[—4,4] by [-3,3] 2
#® . .
-8 1“25 limy=liml=1
:‘Iz' §5 X—>oo X—>oo
1 1o lim y= lim 1=1
081 | 1000 o e
“1E-Y4 | 10000
BNt () 7% 2 5x2—1) (2+x)[5x*-1
22. y=(+1) = =( ) e
. intx X X X X
lim —— = 3 2
x=0" X _5x7T+10x" —x-2
19. X’
553
U An end behavior model for y is —-=>5.
X
lim y=1lim5=5

X—>o0 X—>o0
//\ lim y= lim 5=5
X—>—oo X—>—oo

[=3,3]by[-3,3]

23. Use the method of Example 10 in the text.

A |kl

W |

2 £0335 cos| —

B v . X . cosx cos(0) 1

‘001 | 1000 lim = lim = =-=1

1E-4 | 10000 xoe 1 x—=0" 1+ x 1+0 1
V1Bl sin(X) +;
lim+ CSCX = o0 cos 1
. . X cosx cos(0) 1

lim = lim = =-=1
X0 1+1 x>0~ 1+ x 1+0 1



2x +si i
24. Note that y:xismxzzjuw.
X X
So, lim y=lim 2+ im XX _ o4 0=2.
x—>o0 x—>o0 X0 X

Similarly, lim y=2.

X——oco
sinx _ sinx 1
2x2+x X 2x+1
im 2% =g
x>t X
. 1
lim =0
x—otee 2x 41
So, lim y=0and lim y=0.

X—e0 X—y—o0

25. Usey=

2. y:lsinx_’_lsinx
2 x X X
So, lim y=0and lim y=0.

X—>00 X—>—o00

27.

- L

il

[—4,4] by [-3,3]
@x=-2,x=2
(b) Left-hand limit at —2 is oo.
Right-hand limit at -2 is —ce.
Left-hand limit at 2 is —eo.
Right-hand limit at 2 is co.

28.
d
_.ﬂ""-'-ﬁ\l.
[—7.5] by [-5, 3]
(@ x=-2

(b) Left-hand limit at —2 is —oo.
Right-hand limit at -2 is oco.

29.

e

s

[—6, 6] by [~12, 6]
(@) x=-1

(b) Left-hand limit at —1 is —oo.
Right-hand limit at —1 is oo.

Section 2.2

30.

AL

=

(g

[-2.4]by [-2,2]

1
a) x=——,x=3
(a) x 5 X

(b) Left-hand limit at —% 18 oo,

1
Right-hand limit at —5 is —oo.

Left-hand limit at 3 is oo.
Right-hand limit at 3 is —oe.

A
YU

[—2m, 27] by [-3, 3]

(a) x =k, kany integer

31.

(b) at each vertical asymptote:
Left-hand limit is —oe.
Right-hand limit is oo.

J NN
ARA

[=2m, 2m] by [-3, 3]

32.

T .
(a) x= E+ nir, nany integer

(b) If niseven:

Left-hand limit is eo.
Right-hand limit is —ee.
If n is odd:

Left-hand limit is —oo.
Right-hand limit is oo.

65



66 Section 2.2

tanx 1 sinx 1

33. f(x)=— — =
sinx sinx cosx cosx

T T .
cosx=0at: a=(4k+ I)E and b= (4k +3)E where k is
any real integer.
lim f(x)=co, im f(x)=—oco, lim f(x)=—co,
x—a” x—a* x—b”

lim f(x)= oo,
x—b*

1 1
34. f(x):cotx:(:f)sx -
cosX sinx cosx sinx
sinx=0at a=2kmand b= (2k+1)m where k is any real
integer.
lim f(x)=—-co, lim f(x)=co, Lm f(x)=eo,
x—a x—a* x—b~

lim f(x)=—oo.
x—b*

3

35. An end behavior model is 2i =2x2. (a)
X

5

36. An end behavior model is ;—2 =0.5x%. (¢
X

4

37. An end behavior model is Zi =-2x3. (d)
—-X
o

38. An end behavior model is —— =—x2. (b)

39. (a) 3x?
(b) None

40. (a) —4x°
(b) None

X 1

41.(a) — =—

(a) 52 2x
(b)y=0

2
42. (a) 3% =3
X

(b)y=3
43

43.(a) - =4x”
X

(b) None
_ 4
M. (@) =2
X

(b) None

45. (a) The function y = ¢* is a right end behavior model

'x_
because lim ¢ sz: 1im(1—2f):1—0:1.

X—>oo e X—>o0 e

(b) The function y = —2x is a left end behavior model

.X_ X
because lim ¢ 2x= lim [—e+1]=0+1=1.

x>0 —2X X—>—o0 X

46. (a) The function y = x? is a right end behavior model

2 —x —x
X te =1im(1+e J=1+0=1.

because lim 3
X—>00 X X—>o0 X

(b) The function y = ¢~ is a left end behavior model

2 -X 2
. X" +e . X
because lim —— = lim (X+1)

X—=0 o7 x——oo| o~

= lim (x*¢* +1)=0+1=1.

X—>—o0

47. (a, b) The function y = x is both a right end behavior model
and a left end behavior model because

. (x+lnx] . [ lnxJ
lim | —— |= lim [ 1+—— [=1+0=1.
Xx—>teo X X—>oo X

48. (a, b) The function y = x2is both a right end behavior
model and a left end behavior model because

2 . .
. X~ +Simnx . Sim x
x—>too x2 X—>too x2

49.

[—4,4] by [-1,3]
1 1 Ux
The graph of y=f| —|=—e"" is shown.
x) x
. . 1
lim f(x)=lim f| — =0
X—yo0 x—0" X

lim f(x)= lim f(1)= 0
x—yoo” x—0" X
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. Lox=2 X
54.(a) lim f(x)= lim ——= lim —=1
50. X—>—o0 x>0 X—1 xo-ex
1
(b) lim f(x) = lim —=0
X—>o0 xX—oo x
o -2 0-2
(© Tim f(x)= lim *—2=072_»
x—0" =0 x—1 0-1
[—4,4] by [-1.3] |
) ] (@) lim f(x)= lim — =
The graph of y=f () —26_1/ * is shown. =0 0 x
X)X 55. One possible answer:
11mf(x) hm f(l) 0
X
1
lim f(x)— hm fl—
x——oo X
51.
\ -
s \
[-3.3] by [-2,2] v
1 1] . 5k
The graph of y= f| — [=xIn|—| is shown. i |
X X i :
1 ONTiE
lim  (x)= lim f(x) 0 N ;
: N
hm f(x)— hm f() - :
. i I
i I
52. i 1
1
K@ ILH® /
/\\ §7. Note that 22 _ /(08,0 [(/g(0)
e 81 (x)/gz(x) 81 (x)fz (x) fz (x)/g2 (x)
As x becomes large i and & both approach 1
[-5, 5] by [—1.5, 1.5] &% 2 2 pp. .
1 sinx /
The graph of y=f (x) = & is shown. Therefore, using the above equation, 5 /f2 must also
8178
1 approach 1.
lim f(x)=lim f| —|=1 - . .
Yoo 0" | x 58. Yes. The limit of ( f+ g) will be the same as the limit of g.
) ) 1 This is because adding numbers that are very close to a
xlgi fo= xll}n(}, f x) =1 given real number L will not have a significant effect on
the value of ( f+ g) since the values of g are becoming
1 arbitrarily large.
53. (a) hm f(x)— hm ( ] 0

X
59. True. For example, f(x)=———— hasy=+1as
1 Vx?+1

horizontal asymptotes.

60. False. Consider f (x) = 1/x.

(b) lim f(x)= lim (-1)=-

(¢) lim f(x)= lim 1 = —
x—0" x=0" X

61. A. hm approaches zero, so lim approaches —eo.

(@) lim f(x)= lim (-1)=-1 -2 x=2
x—0" x—0"



68 Section 2.2

cos(2x) _ cos(0) _ 1

62.E. lim undefined
x—0 X 0
63.C.
3
64.D. 2% =2
X

65. (a) Note that fg = f (x)g(x) = 1.
f—o>—casx—> 07, fo>ecasx— 0+, g—0,fg—1
(b) Note that fg = f (x)g(x) = —8.

fooasx— 07, fo>—oasx—0", g0,
fg—> -8
(¢) Note that fg = f (0)g(x) = 3(x - 2)*.

fo—easx— 27, fewasx— 2", g0,z >0

(d) Note that fg= f(x)g(x)= e 3)2 .

[ o820, fg >
(e) Nothing — you need more information to decide.

66. (a) This follows from x — 1 < int x < x, which is true for
all x. Dividing by x gives the result.

-1
(b, ¢) Since lim i lim 1=1, the Sandwich Theorem

x—deo X X—>oo
. . intx . intx
gives lim —— = lim ——=1.
x> X xX—>—e X

—-X
¢ < l Since both 0 and l

X X X
approach zero as x — oo, the Sandwich Theorem states that

67.For x>0,0<e *<1, s00<

—X

must also approach zero.
X

68. This is because as x approaches infinity, sin x continues to

oscillate between 1 and —1 and doesn't approach any given
real number.

2 2
69. lim Inx Inx” 2Inx _

X—>o0 X

2.

=2, because =
Inx Inx

0 im ™% —In (10), Since 12X = ¥
70. S logx logx (nx)/(nl10)

=1In10.

71, fim D
x—e  Inx

Since In(x+1) =ln|:x(1+1):|= lnx+ln(1+1J,
X X

Inx+In 1+l In 1+l
In(x+1) X 14 X

Inx Inx Inx

1

But as x — oo, 1 + 1/x approaches 1, so In(1 + 1/x)
approaches In(1) = 0. Also, as x — oo, In x approaches
infinity. This means the second term above approaches 0
and the limit is 1.

Quick Quiz Sections 2.1 and 2.2

2
1.D. lim *——%

x—=3 X—

where x = 3.1

(3.1>-3.1-6 _9.61-3.1-6 _ 0.5 _

= =5
3.1-3 0.1 0.1
2. A.3x+ 1 x < 2 is not done since lim
x—2"
i where x = 2.1
x+1
5 5.5
21+1 3.1 3
3
3.p X3
2% 2
COSX  COSoo
4.(a) f(x)= = =0
X
(b) For x>0, -1 < cos x < 1. Thus -1 S% < 1 and
x X X
1
lim—1/x < lim COSXS lim — . Because
X—>0 x> X X—e0 X
-1 1
lim —=lim —=0, lim 2% =0
X—eo X xX— X X—eo X
© lim =%, _1<cosx <1
X=X
lim —=0
x—oo X

(d) Forall x>0,-1<cosx <1.

1 _cosx
Therefore, —— < <

1
X X X

Since lim (—l)z lim (1J =0, it follows by the

X—>o0 X X—oo\ X

Sandwich Theorem that lim 08X _ 0.
X=X



Section 2.3 Continuity (pp. 78-86)

Exploration 1 Removing a Discontinuity
1.x2 =9 = (x - 3)(x + 3). The domain of fis (e, =3) U
(=3,3) U (3, ) or all x #23.

2. It appears that the limit of fas x — 3 exists and is a little

more than 3.
‘J/
[—3,6] by [—2. 8]

3. f(3) should be defined as ?

4, > —Tx—6=(x-3)(x+D(x+2), x>-9

S (=3 (x+3) s0f(r) = IFDEFD) o 3.
x+3
Thus, fim & FDE+2) _ 20 _10
3 x43 6 3

1
5. limg(x) = 10 = g(3), so g is continuous at x = 3.
x—3 3

Quick Review 2.3

o o3x%=2x+1 3=D*-2(-D+1 6
1. lim 3 = 3 =—=
-1 x7+4 (-1)°+4 3

2.@) lim f(x)= lim int(x) =2
(b) limrf(X)= limrf(X)=—1

(c) lim f(x) does not exist, because the left- and right-
x—-1

hand limits are not equal.
(d) f(-1)=int (-1)=-1
3.(a) lLim f(x)= lim (x> —4x+5) =2 -4(2)+5=1
x—27 x—27

(b) lim f(x)=lim(@4-x)=4-2=2
x—2" x—2°

(c) lim f(x) does not exist, because the left- and right-
x—2

hand limits are not equal.

@f@)=4-2=2

1
4. (fog)(x)=f(gx)= f(x+1)=

Section 2.3 69

2(1+1)-1

A

(Lei)os
X

_2(0+x)—x _ x+2

= = ,x#0
(I+x)+5x 6x+1
2x—1 1
(gOf)(X)—f(g(x))—g(m)— i1 +1

x+5
x+5 2x-1_ 3x+4

+ = , X #=5
2x—1 2x-1 2x-1

5. Note that sin x* = (gof)(x)=g(fx) =g x?).
Therefore: g(x) =sin x, x>0

(fog)(x) =f(g(x)=f(sin x) = (sin x?)or sin’x, x=0

6. Note that ! =(go f)(x) g(f(x)=+/f(x)—1. Therefore,

x
1
\ f(x)—1=— for x> 0. Squaring both sides gives
X

f(x)—lzi2 . Therefore, f(x)ziz+1, x>0.
X X

1 1
(fog)(x)—f(g(x))—m+l—;+l
1+x-1 X
= =—,x>1

x—1 x—1

7.2x*+9x-5=0
Qx-D(x+5)=0

1
>

Solutions: x = x=-5

2eFa

#=.45338765 [v=0

[—5, 5] by [—10, 10]
Solution: x = 0.453

9. For x <3, f(x) =4 when 5 — x = 4, which gives x = 1. (Note

that this value is, in fact, < 3.)

For x> 3, f(x) =4 when — x%+ 6x — 8 =4, which gives

x% = 6x+ 12 =0. The discriminant of this equation is
b*—dac= (-6 )2 —4(1)(12) =-12. Since the discriminant is
negative, the quadratic equation has no solution.

The only solution to the original equation is x = 1.
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10.

e

=
~

.

[~2.7, 6.7 by [—6, 6]

A graph of f (x) is shown. The range of f (x) is

(=00, 1) U [2, o). The values of ¢ for which f (x) = ¢ has no
solution are the values that are excluded from the range.
Therefore, ¢ can be any value in [1, 2).

Section 2.3 Exercises

1.

. The function y=

. The function y=

. The function y="—
X

The function y=-———is continuous because it is a

(x+2)
quotient of polynomials, which are continuous. Its only
point of discontinuity occurs where it is undefined. There is
an infinite discontinuity at x = -2.

x+1 . . ..
is continuous because it is a

x> —4x+3
quotient of polynomials, which are continuous. Its only
points of discontinuity occur where it is undefined, that is,

where the denominator x> —4x +3 = (x = 1)(x = 3) is zero.
There are infinite discontinuities at x = 1 and at x = 3.

is continuous because it is a

w2 +1

quotient of polynomials, which are continuous.
Furthermore, the domain is all real numbers because the

. 2 . . . .
denominator, x°+ 1, is never zero. Since the function is

continuous and has domain (—ee, o), there are no points of
discontinuity.

. The function y= ‘x - 1‘ is a composition (fog)(x) of the

continuous functions f (x) = ‘x‘ and g(x) =x—1,soitis

continuous. Since the function is continuous and has domain
(—o0, ), there are no points of discontinuity.

. The function y=+/2x+3 is a composition (fog)(x) of the

continuous functions f(x)=\/; and g(x) =2x + 3, soitis

continuous. Its points of discontinuity are the points not in

the domain, i.e., all x < —% .

. The function y=4/2x—1 is a composition (fog)(x) of the

continuous functions f(x) = 3/; and g(x) =2x -1, soitis
continuous. Since the function is continuous and has domain
(—oo, o), there are no points of discontinuity.

[

is equivalent to

x<0
x>0.

It has a jump discontinuity at x = 0.

. . . cosx
8. The function y = cot x is equivalent to y =

10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

. The functiony = e

, a quotient

sinx
of continuous functions, so it is continuous. Its only points
of discontinuity occur where it is undefined. It has infinite
discontinuities at x = k7r for all integers k.

V¥ is a composition (fog)(x) of the

. . 1 .
continuous functions f (x) = ¢* and g(x)=—, soitis
X

continuous. Its only point of discontinuity occurs at x = 0,
where it is undefined. Since lim e"*
x—0"

considered an infinite discontinuity.

= oo, this may be

The function y = In (x + 1) is a composition (f°g)(x) of

the continuous functions f(x) = In x and g(x) =x + 1, so it
is continuous. Its points of discontinuity are the points not
in the domain, i.e., x < —1.

(a) Yes, f(-1)=0.
(b) Yes, limr =0.

(c) Yes
(d) Yes, since —1 is a left endpoint of the domain of f'and
lim f(x)= f(-1),f is continuous at x =—1.
x——1"
(a) Yes,f(1)=1.
(b) Yes, lim f(x)=2.
x—=1

(¢) No

(d) No

(a) No

(b) No, since x = 2 is not in the domain.
Everywhere in [-1, 3) except forx =0, 1, 2.

Since lim f(x)=0, we should assign f(2) = 0.
x—2

Since lim f(x) =2, we should reassign f (1) =2.
x—=1

No, because the right-hand and left-hand limits are not the

same at zero.

Yes, Assign the value O to f(3). Since 3 is a right endpoint

of the extended function and lim f(x)=0, the extended
x—3"

function is continuous at x = 3.

\\/
[-3,6] by [—1.5]
(a)x=2

(b) Not removable, the one-sided limits are different.



20.

N
g

[_3! 6] b)" [—1L, 5]
(a)x=2

(b) Removable, assign the value 1 to f(2).

/
N

[=5, 5] by [4, 8]
(@)x=1

(b) Not removable, it’s an infinite discontinuity.

22,

LN

/1

[—4.7,4.7] by [—3.1,3.1]
(@a)x=-1
(b) Removable, assign the value O to f'(~1).

23. (a) All points not in the domain along with x =0, 1

(b) x=0is a removable discontinuity, assign f (0) = 0.
x =1 is not removable, the one-sided limits are
different.

24. (a) All points not in the domain along withx =1, 2

(b) x = 1 is not removable, the one-sided limits are
different.
x =2 is a removable discontinuity, assign f(2) = 1.

2_ p—
25. For x¢—3,f(x):x 9:(X+3)(x 3):
x+3 x+3

The extended function is y = x — 3.

x—3.

3

26. Forx #1, f(x)= =1
x° =1
(=D +x+1)
T (x+D)x=1)
_x2+x+1
T ox+1

2
+x+1
The extended function is y = XX
x+1
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. . sinx ..
27. Since lim —— =1, the extended function is

x—0
sin x  x#0
y=9 x
1, x=0.
. . sindx . sindx
28. Since lim =41lim =4(1) =4, the extended
x—0 X x—0
function is
in4
sin4x  x#0
y= X
4, x=0.

29. For x #4 (and x > 0),

x—4  (x+2)Wx-2)
fx) \/__2 \/;_2 Vx+

The extended function is y = \/; +2..

30. For x # 2 (and x #-2),

3 2
x7—4x"—11x+30
xX)=——F—""
! x*-4
C(x=2)x—=5)x+3)
(x=2)Xx+2)
_(x=5)x+3)
x+2
_ x?-2x-15

x+2
x> —2x-15
The extended function is y=————.
x+2

31. The domain of fis all real numbers x # 3. fis continuous at
all those points so fis a continuous function.

32. The domain of g is all real numbers x > 1. fis continuous at
all those points so g is a continuous function.

33. fis the composite of two continuous functions g o & where
g(x)=+/x and h(x)=—>—.

x+1

34. fis the composite of two continuous functions g o & where
g(x) =sinxand h(x) = x>+ 1.

35. fis the composite of three continuous functions gohok

where g(x)=cosx, h(x)= %/;, and k(x)=1-x.

36. fis the composite of two continuous functions
g oh where
2

g(x) =tanx and h(x)= .
x*+4
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37. One possible answer: 42. One possible answer:
Assume y = x, constant functions, and the square root y
function are continuous. Sk

By the sum theorem, y = x + 2 is continuous. s

By the composite theorem, y=+/x+2 is continuous. AN r=/®

1 %
By the quotient theorem, y = is continuous. / B N
Vx+2 F

Domain: (-2, o)

38. One possible answer: r

Assume y = x, constant functions, and the cube root 43. One possible answer:
function are continuous.

By the difference theorem, y = 4 — x is continuous. 3
. 3 . . 51
By the composite theorem, y=+/4—x is continuous. =
By the product theorem, y = x% = x-x is continuous. . °
By the sum theorem, y = x*+3/4—x is continuous. R T,y
Domain: (—eo, o) /y:f (x)
39. Possible answer: / -
Assumey=xand y= ‘x‘ are continuous. -

By the product theorem, y = x*=x - x is continuous. 44. One possible answer:
By the constant multiple theorem, y = 4x is continuous.

By the difference theorem, y = x? 4x is continuous.

By the composite theorem, y= ‘xz - 4x‘ is continuous.

Domain: (—ee, o)

40. One possible answer: —

Assume y=xand y = 1 are continuous.

Use the product, difference, and quotient theorems. One
also needs to verify that the limit of this function as x
approaches 1 is 2.

Alternately, observe that the function is equivalent to 45.
y=x+ 1 (for all x), which is continuous by the sum \

theorem.

Domain: (—oo, o) v
41. One possible answer: ;.“.,meQ.T
H=-7eu4az

V== 72449
[-3,3]by [-2,2]

Solving x = x*— 1, we obtain the solutions x =~ — 0.724 and
y = f(x) x=1.221.

AN 5
X

- {

Intersection
#=-1.52138

v=-1.521380
[—6, 6] by [—4,4]

Solving x = x° + 2, we obtain the solution x ~—1.521.



47. We require that lim 2ax = lim (x2=1):
x—3T

x—3"
2a(3)=3"-1
6a=8
4
a=—
3

48. Solve at x =2

f(x)=2x+3=212)+3=4+3=17
f(x)=ax+latx=2.1

T=2a+1
6=2a
a=3

49. Solve at x = -1

f)=4-x"=4— (-1 =4+1=5
f(x)=ax+latx=1

S5=a()+1
a=4
50. Solve at x =1
f=x"=1¥=1
f)=x*+x+a
1= +1+a
a=-1

51. Consider f (x) = x —e™ ™. fis continuous, f (0) = — 1, and
f=1- ! > (.5. By the Intermediate Value Theorem, for
e

some cin (0, 1),f(c)=0and e “=c.

52. (a) Sarah’s salary is $36,500 = $36,500 (1.035)0 for the first

year (0 <1< 1), $36,500(1.035) for the second year

(1<1<2),$36,500 (1.035)? for the third year
(2 £t<3), and so on. This corresponds to

y = 36,500 (1.035)"™".
(b)

[0, 4.8] by [35000, 45000]

The function is continuous at all points in the domain
[0,5) exceptatt=1,2, 3, 4.

53. (a) We require:

0 x=0
1.10, 0<x<1
2.20, 1<x<2
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330, 2<x<3
440, 3<x<4
550, 4<x<5
6.60, 5<x<6
725, 6<x<24.

f)=

This may be written more compactly as

—1.10 int(-x), 0<x<6

“ﬂmz{lﬁ, 6<x<24

(b)

[0, 24] by [0, 9]

This is continuous for all valyes of xin the domain [0, 24]
except forx=0, 1,2, 3,4, 5, 6.

54. False. Consider f (x) = 1/x which is continuous and has a
point of discontinuity at x = 0.

55. True. If fhas a jump discontinuity at x = a, then
lim f(x) lim f(x) sofis notcontinuous atx = a.
x—a x—a’

56.B. f(x)= % is not defined.

57.E. f(x)=vx—-1=+1-1= \/6 is the only defined option.
58.A. f(1)=1.

59. E. x =3 causes a zero to be in the denominator.

1
60. (a) The function is defined when 1+— >0, that is, on
X

(=o0, =1) U (0, o0). (It can be argued that the domain
should also include certain values in the interval (-1, 0),
namely, those rational numbers that have odd
denominators when expressed in lowest terms.)

(b)

[-5, 5] by [-3, 10]

L
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60. Continued

(c) If we attempt to evaluate f(x) at these values, we
-1

obtain f(-1)= (1 + IJ =0"'= % (undefined) and

0
fO)= (1+ (1)) (undefined). Since fis undefined at

these values due to division by zero, both values are
points of discontinuity.

(d) The discontinuity at x = 0 is removable because the
right-hand limit is 0. The discontinuity at x = —1 is not
removable because it is an infinite discontinuity.

(e)

[0, 20] by [0, 3]

R
10 2.5937
100 £.7048
1000 Z.7169
10000 | 27181
100000) 27183

EB e.7183
1E7 £.7183

YiBC(1+17K0°K

The limit is about 2.718, or e.

61. This is because lim f(a+h)= lim f(x).
h—0 x—a

62. Suppose not. Then f'would be negative somewhere in the
interval and positive somewhere else in the interval. So, by
the Intermediate Value Theorem, it would have to be zero
somewhere in the interval, which contradicts the hypothesis.

63. Since the absolute value function is continuous, this follows
from the theorem about continuity of composite functions.

64. For any real number a, the limit of this function as x
approaches a cannot exist. This is because as x approaches
a, the values of the function will continually oscillate
between 0 and 1.

Section 2.4 Rates of Change and Tangent
Lines (pp. 87-94)

Quick Review 2.4
1. Ax=3-(-5)=8

Ay=5-2=3
2. Ax=a-1
Ay=b-3
-1-3 4 4
m= == ——
5-(=2) 17 7
3-(-1) _4 2

m= =—=
3-(3) 6 3

3
5. yza[x—(—Z)]+3

3
=—x+6
y=2x
6me 170 _7__7
41 3 3
——z(x—1)+6
Y773
T2
YT

3
7. y=—"(x=1+4
y 4(x )

340
VI
. me——L -2
3743
4
=2 1+4
y 3(x )
i
=3

2
9. Since 2x + 3y =5 is equivalent to y=——x+ > , wWe use

m=--.

3

2
y==3le=(Dl+3

2 7

= x4
YET3TS

S

10, =32

w N‘
— | W

0

> &

3=
_B
3

b

Section 2.4 Exercises

N _fQ)-f2) _28-9 _

1. (a) Ar ) 1 19
b Y _fO-fED_2-0
Ax 1-(-1) 2

rw Y10 31,

o _fa2)-£0)_7-41
2

(b) =~0.298
Ax 12-10
-2
3@ Y _SOSED) _1=e7 4 5
Ar . 0-(-2) 2
3
) Y SOOI e _g6ey

Ax 3-1 2



4)—f()_In4-0_In4

4. Y _IC ~0.462
Ax 4-1 3
) Af _ f(103)~£(100) _In103-1n100 _1 103
Ax 103-100 3 T37100
= %1111.03 ~0.0099
5 @ A _fOml-fmld)_~I1-1_ 4 _ oo,
Ax QGmld—(mwld) w2 @
b Y _S@-f@l6)_0-\3_ 33 o
Ax  (w/2)—(m16) 3 T

6@ Y _fm=fO _1-3_ 2
Ax

T—0

(b) Ar

o

=2 ~-0.637
o

A _fm=fem _1-1_

T —(—1)

2

7. We use 0, = (10, 225), 0, = (14, 375), Q, = (16.5, 475),
0, = (18, 550), and P = (20, 650).

650-225

(a) Slope of PO,

Slope of PQ,:

Slope of PQ,

Slope of PQ,

20-10

20-14

650375 - 46

650-475 ~50
20-16.5

20-18

Secant _ Slope

PO, 43
PO, 46
PO, 50
PO, 50

650-550
=250

The appropriate units are meters per second.

(b) Approximately 50 m/sec

8. Weuse Q,=(5,

(9.5, 72), and P = (10, 80).

(a) Slope of PQ;:
Slope of PQ,:
Slope of PQ;:

Slope of PQ,:

200, 0,=(7,38), 0;=(85,56), Q,=
80—20:12

10-5

80—38:]4

10-7

80—56:16

10-8.5

80—72=16

10-9.5

Section 2.4

Secant Slope

PO, 12
PQ, 14
PO, 16
PO, 16

The appropriate units are meters per second.

(b) Approximately 16 m/sec

Y24 =y(=2) L (24h) —(=2)

9. (a) lim lim
h—0 h—0 h
im 4—4h+h* -4
T o0 h
. —Ah+h?
=lim ——
h—0 h
=1lim (—4+h)
h—0
=—4

(b) The tangent line has slope —4 and passes through
(2.y(=2))=(=2,4)
y=—4[x—(-2)]+4
y=—4x-4

75

1 1
(c¢) The normal line has slope — = = 1 and passes through

(=2, ¥(=2)) =(-2,4).

1

y=le= (D44
1,2

YT

(@)

T
[-8, 71 by [-1, 9]

ya+h) -y
h
A+ =401+ h)]-[17 - 4Q1)]
= lim
h—0 h
o 142h+h—4-4h+3
= lim
h—0 h
KW =2h
= lim
h—0 h
=lim (h—2)

h—0

=-2

10. (a) }lllg(l)

(b) The tangent line has slope —2 and passes through
(I, y(1) =1, -3).
y==-2(x-1)-3
y=—-2x-1
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10. Continued

(c¢) The normal line has slope — % = % and passes through
(I, y(1) =1, -3).

1
=—(x-1)-3
y 2(x )

17
YT,

(@)

[-6, 6] by [-6, 2]

1 1
11. @) limy(2+h)—y(2):lim 2+h)-1 2-1
h—0 h h—0 h
L -1
= lim 2L
=0 h
1-(h+1)

=lim——
-0 h(h+1)
:hm(_l)
=0\ h+1
=-1
(b) The tangent line has slope —1 and passes through
2, y2) =2, 1.

y=—(x-2)+1
y=-x+3

1
(¢) The normal line has slope 3 =1 and passes through

(2,y2) =2, D).
y=1(x-2)+1

y=x-1

(@)

3

[-4.7,4.7] by [-3.1, 3.1]

2
12. (a) lim y(O0+hm)—y(0) _ lim (h"=3h-1)- (=D
h—0 h h—0 h

. h*=3h
= lim
-0 h
=lim (h—23)
h—0
=-3

(b) The tangent line has slope —3 and passes through
(0, y(0)) = (0, -1).
y=-3(x-0)-1
y=-3x-1

(¢) The normal line has slope _ L = % and passes through
(0, y(0)) = (0, -1).
= l(x -0)-1
73

1
=—x-1
Y73

\
—

[-6, 6] by [-5, 3]

13. (a) Near x =2, f (x) = Ixl = x.

lim f(2+h)—f(2): im (2+h)—2:

1 lim 1=1
h—0 h h—0 h h—=0
(b) Nearx=-3, f(x) =l x| ==x.
oA s ) ) N C ) e N
h—0 h h—=0 h h—=0

14.Nearx=1,f(x)=lx-2l=—(x-2)=2—x.

lim f(1+h)—f(1)=lim [2—(1+h)]—(2—1)=h,m1—h—1
h—0 h h—0 h =0 h
=lim-1=-1

h—0



15. First, note that f (0) = 2.

p— p— p— 2 —
lim fO+h)—f(0) - lim 2-2h—h")-2
h—0" h =0~ h

= lim (-2-h)
h—0"
=-2

im LOEM=FO) | (2h+2)=2

h—0" h h—0" h

No, the slope from the left is —2 and the slope from the
right is 2. The two-sided limit of the difference quotient

does not exist.

16. First, note that £ (0) = 0.

fim L O*FM=SO)_ o —h=0_
h—=0" h =0 h

— 2 -_— -
lim JO+m)-f0)_ lim (h"=m-0
h—0" h h—0"

=lim (h—1)=-1
h—0"
Yes. The slope is —1.

17. First, note that f(2)= %

1 1

lim fC+m-fQ2) _ lim 2+h 2
h—0" h h—0" h

2—-Q2+h)

=lim ——=
h—=0" 2h(2+h)

. —h
=lim———
0" 2h(2 +h)

1
lim —
=0 2(2+h)

4-Q+h 1

fim LCEW-f@) 4 2
h—0" h h—0* h

. 4-Q2+h)-2

=lim———F——

h—0* 4h

= lim —

B h—0" E

Yes. The slope is —% .
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N . 37
18. No. The function is discontinuous at x = T because

V2

. . . . 3w
lim f(x) =lim sinx=sin— =—— but
x—>(3m/4)” x—>(3m/4)” 4 2

4 2

flath)-f@ . [a+h)?+2]-(@>+2)
h - h—0 h

 a*+2ah+h*+2-d>-2

= lim
h—0 h
. 2ah+h?

=lim ——
h—0 h

=lim (2a+h)

h—0

=2a

19. (a) lim
h—0

(b) The slope of the tangent steadily increases as a
increases.

22
flath=f@ _ . a+h a
h h—0 h
_ 2a—2(a+h)
"0 ah(a+h)

20. (a) lim
h—0

= lim ——
h—0ala+h)
2

a2

(b) The slope of the tangent is always negative. The
tangents are very steep near x = 0 and nearly horizontal
as a moves away from the origin.

1 1
fla+h=f@ _ . a+th-1 a-1
h h—0 h
 (@a-D-(a+h-1)
=11m—
-0 h(a—1Xa+h-1)
—fime—
-0 (a—1Xa+h—1)
1
(a-1?

21. (a) lim
h—0

(b) The slope of the tangent is always negative. The
tangents are very steep near x = 1 and nearly horizontal
as a moves away from the origin.

f(a+h2—f(a)=hm [9—(a+hn)’]-©O-a’)

22. (a) lim
h—0

h—0 h
_ 9-a*-2ah—h*-9+d*
= lim
h—0 h
. —2ah-h?
=lim ———
h—0 h
=1lim (-2a-h)
h—0
=—2a

(b) The slope of the tangent steadily decreases as a
increases.
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23. Let () = 100 — 4.9 1%
i L2+ 2)

) h
lim [100—4.9(2+ h)*]-[100 - 4.9(2)*]
_h—>0 h
i 100-19.6-19.6h—4.9h* =100 +19.6
B h—0 h
= lim (~19.6—4.9h)
h—0
=-19.6

The object is falling at a speed of 19.6 m/sec.
24. Letf (=31

p— 2 —
i A0+ = £(10) _ . 3(10+7)* =300
h—0 h h—0 h
300460k +3h>-300
=lim

h—0 h
=lim (60+3h)
h—0

=60
The rocket’s speed is 60 ft/sec.

25.Let f(r)= r?, the area of a circle of radius r.

_ 2 2
lim fB+h)—-f(3) — lim 7(3+h)" —7(3)
h—0 h h—0 h
. 97+6mh+mh*—97
=lim
h—0 h
=lim (67 +7h)
h—0

=67

The area is changing at a rate of 67 in%/in., that is,
67 square inches of area per inch of radius.

26. Let f(r)= %777‘3.

4 340y
i F D= @ 3T ST

lim

h—0 h h—0 h
4 . Q2+h’*-2°
=—alm ——
3 >0 h
4 . 8+12h+6h*+h -8
=—lim
R =) h
=% rlim (12+6h+h?)
3 0
:iﬂ'-IZ
3
=167

The volume is changing at a rate of 167 in¥in., that is,
167 cubic inches of volume per inch of radius.

27.

28.

29.

30.

s+ —s(l) _ . 1.86(1+ h)* —1.86(1)%

lim
h—0 h h—0 h
. 1.86+3.72h+1.86h> —1.86
= lim
h—0 h
=1im (3.72+1.86h)
h—0
=3.72

The speed of the rock is 3.72 m/sec.

C s2+h)—s(2) .. 11.44Q2+h)> —11.44(2)
lim = lim
h—0 h h—0 h
iy 45:76+45.76h+1 1.44h% - 45.76
T o0 h
= lim (45.76 + 11.44h)
h—0

=45.76
The speed of the rock is 45.76m/sec.

First, fin the slope of the tangent at x = a.

im S @+ = f(@
h—0 h
C [a+h)?*+4a+h) -1]-(*>+4a-1)
= lim
h—0 h
. a*+2ah+h’+4a+4h—1-a* —4da+1
= lim
h—0 h
. 2ah+h>+4h
= hmi
h—0 h
=lim 2a+h+4)
h—0

=2a+4

The tangent at x = a is horizontal when 2a + 4 =0, or
a =-2. The tangent line is horizontal at (-2, f(-2)) =
(-2,-95).

First, find the slope of the tangent at x = a.

lim f
h—0

(a+h)- f(a)
h
_ _ 2_ _ _ 2
:limB d(a+h)—(a+h) ]-(B-4a—-a”)
h—0 h
. 3—4a-4h-a*-2ah-h*-3+4a+ad°
= lim
h—0 h
. —4h—2ah—- I’
=lim———©
h—0 h
= lim (—4—2a—h)
h—0

=—4-2a

The tangent at x = a is horizontal when -4 —2a =0, or
a =-2. The tangent line is horizontal at (-2, f (-2)) =
2,D.



31. (a) From Exercise 21, the slope of the curve at x = a, is

The tangent has slope —1 when

-1
1 s 2
- = —1, which gives(a—1)"=1,s0a=0or
(a-1
a =2. Note that y(0)= . =-1 and y(2)= 1,

0-1 2-1"
so we need to find the equations of lines of slope —1

passing through (0, —1) and (2, 1), respectively.

Atx=0:y=-1(x-0)-1

y=—-x-1
Atx=2:y=—-1(x-2)+1
y=-x+3

(b) The normal has slope 1 when the tangent has slope

El =—1, so we again need to find lines through

(0, —1) and (2, 1), this time using slope 1.
Atx=0:y=1(x-0)-1
y=x-1
Atx=2:y=1(x-2)+1
y=x-1
There is only one such line. It is normal to the curve at

two points and its equation is y = x —1.
32. Consider a line that passes through (1, 12) and a point
(a,9 - az) on the curve. Using the result of Exercise 22, this

line will be tangent to the curve at a if its slope is —2a.

(9-a*)-12
a—1 -
9—a*-12=-2a(a-1)
—a®=3=-2a%*+2a
a*-2a-3=0
(a+1)(a=3)=0
a=-lora=3

—2a

Ata=—-1(orx =-1), the slope is —2(—1) =2.
y=2(x-1D+12
y=2x+10

Ata=3(orx =3), the slope is —2(3) =—6.
y=—6(x—1)+12
y=—-6x+18
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33. (a) (272.1-299.3) billion _ —27.2 billion - $54 billion
(1995-1990) years 5 years year
) (305.5—-294.5) billion ~$11.0 billion
(2001-2000) years year
© (404.9 —348.6) billion —$56.3 billion
(2003-2002) years year
(@) y=2.177x>=22.315x +306.443
\\I\:—/
[-2, 15] by [0, 450]
(e)
1990 to 1995: (2. 177(5)* - 22.315(5) +306.443) -
(2.177(0)* - 22.315(0) + 306.443)
5-0
_ 54.425-111.575+306.443—306.443
5

_ 15 611 4 billion

2000 to 2001 : 2.177(11)* =22.315(11)+306.443) —
(2.177(10)* = 22.315(10)+306.443)

11-10
_263.417-2700.115-217.7+2231.5

1

—$23.4 billion

year

2002 to 2003: (2.177(13)* —=22.315(13) +306.443) — (2.177(12)* -

22.313(12) +306.443)

13-12
=367.913-290.095—-313.488 +267.756
billion
year
() 2.177(13.1)* = 22.315(13.1) + 306.443 — (2.177(13.)* —
22.315(13)+306.443)

13.1-13
_373.595-292.327-367.913+290.095 _ $34.3 billion

0.1 year

=$32.1

(g) One possible reason is that the war in Iraq and increased
spending to prevent terrorist attacks in the U.S. caused an
unusual increase in defense spending.
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34. (a)
[-2. 15] by [0, 50]
(b)
po,= 366226 . o, 264-226
2000 - 2003 20032001
pp, = 226=220 _ ¢
20032002

35. True. The normal line is perpendicular to the tangent line at
the point.

36. False. There's no tangent at x = 0 because f'is undefined
atx=0.
-3-5

37.D. =
-1-2

W | o

fO-fM) _F+3--1_10_,
3-1 2 T2

39.C. fim@tN=/(@
h—0 h

(2 231
x+h x)h

_2x—2x—2h(1)
x*+hx \h

38.E.

y=m(x—x)+y
y=="2(x-D+2
y=-2x+4

40. A. From 39, m, = —L

ny
1
L)
“Lon+2
Y75
1.3
YT,

41. (a) f

(+h)—-f1) e —e
h T oh

(b)

7
P

[~4.4]by [-1.5]

A |

=01 2.2047
-EE-y | 27476
-1E-y | 27181
0 ERRDR
1E-Y 2.7184
SE-y | 2718

o1 | z7Ease

Y1BCe (1+8)—e" (...
Limit = 2.718

(c¢) They’re about the same.

(d) Yes, it has a tangent whose slope is about e.

fA+y—fay 2" -2

42. (a
(a) P ;
(b)
_,—l—‘_'_'_d-#
[—4.4] by [-1,5]

Y1
1.3B15
1.38a1
1.3BA2
ERROR
1.3B63
1.3g65
1.3911

Limit = 1.386
(c) They’re about the same.

(d) Yes, it has a tangent whose slope is about In 4.

_JfO+m)=f0) _ fh)

43.Let f(x)= x*3. The graph of y . )
is shown.

e
_“““\

[—4.4]1by [-3, 3]

The left- and right-hand limits are —ee and oo, respectively.
Since they are not the same, the curve does not have a
vertical tangent at x = 0. No.



44. Let f(x) = x*°. The graph of y=

45.

46.

47.

is shown.

A

[—4, 4] by [—3, 3]

Yes, the curve has a vertical tangent at x = 0 because
. 0+h)—f(0
i SOFW = (O _

h—0 h

Let f(x) = x"3. The graph of y

is shown.

N

[—4,4] by [-3,3]

Yes, the curve has a vertical tangent at x = 0 because

SO+ -fO) _

lim
h—0 h

Let f(x) = x*3. The graph of y=

is shown.

b

—

[—4, 4] by [-3, 3]

The left- and right-hand limits are —ee and oo, respectively.
Since they are not the same, the curve does not have a
vertical tangent at x = 0. No.

This function has a tangent with slope zero at the origin.
It is sandwiched between two functions, y = x*and

y=- x, both of which have slope zero at the origin.

fO+h)=fO0) _ f(h)

h

_fO+m=f) _ fh)

h

h

h

fO+h)=fO0) _ f(h)
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48. This function does not have a tangent line at the origin. As

the function oscillates between y = x and y = —x infinitely

often near the origin, there are an infinite number of
difference quotients (secant line slopes) with a value of 1
and with a value of —1. Thus the limit of the difference

quotient doesn’t exist.

The difference quotient is

SO+h)-70) _

h

h

/ﬂ\

\\"‘-\_o-'

[—4, 4] by [~ 1.5, 1.5]

R
S00E | S42Y
S0z | Shidy
=001 E4nrz
ERROR
001 £398E
002 £38945
OE £38

P1B(zinC 179051,

h

Looking at the difference quotient,

s TO=IO

so the Sandwich Theorem tells us the limit is 0.

h

h

3-0

f4)=2

fA+h)=~—4+7~3

fla+h)—f(a)

y=—4x+13

3.B. lim
h—0 h
1im9—(x+h)2—(9—x2)
h—0 h

—2xh—h?
h—0
y=9—x2 =9-(2)°
y=5
y==22)=-4
y=—4(x-2)+5

2.E. f(4—h)z%(4)z3 where i — 0

=lim-2x—h=-2x
h—0

1
sin— which
h

oscillates between 1 and —1 infinitely often near zero.

49. Let f (x) = sin x. The difference quotient is
fA+h)—f1) _sin(1+h)—sin(1)

A graph and table for the difference quotient are shown.

Since the limit as 7 — 0 is about 0.540, the slope of y = sin
x atx =1 is about 0.540.

Quick Quiz Sections 2.3 and 2.4

Lp. f@-fO _V3+1-Vo+1_2-1_1

3

3
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4.(a) f3)=203)-0) 10. lime*sinx = e’sin0=1-0=0
=6-9=-3 x—0
(b) f3+h)=23+h)— (3+h)2 11. Let x= %-k h, where h is in (0, ;) Then
=6+2h—(9+6h+h*)
_ 2
=-3-4h—h int(2x—1)= int[z(;J+ 2h- 1} = int (6+2h) =6, because 6
GB+h)-f3)
(c) % +2hisin (6, 7).
_—3-4h- h— -3) Therefore, lim int(2x—1)= lim 6=6.
DI — x—7/2" x—7/2°
=—4-h 7 1
12.Let x=—+h, where hisin [ ——, O |. Then
(d) 4 - h whereh — 04 2 2
Chapter 2 Review Exercises (pp. 95-97) int(2x—-1)= int[Z(;J +2h— 1:| =int (6+2h) =35, because 6
. 3 2 A3 a2
L lim (¥ =207 +1) = (-2)' ~2(-2)* +1=-15 +2hisin G, 6).
a1 ~ (_2)2 1 B Therefore, xll)r;/lr int(2x—1)= Xll)gr/lf 5=5

. lim > = 3 =—

—=23x"—2x+5 3(=2)"-2(-2)+5 21 . _ . _ _

13. Since lim (¢ *)=1lime " =0, and—e * < ¢ " cos x <
X—o0 X—oo

3. No limit, because the expression /1—2x is undefined for

values of x near 4. ¢ " for all x, the Sandwich Theorem gives

lim e™* cosx =0.

4. No limit, because the expression Y9—x? is undefined for roee
values of x near 5. 14. Since the expression x is an end behavior model for both
e
! —l X +sinx andx+cosx,1imm=lim£=l.
5 fim2*tx 2 _ 5 2-(2+x) .. -X x—=00 X +COSX  x—o X
o0 X w0 23(2+%) w0232+ ) 15. Limit exists.
1 1 1
=lim| - =— =—— 16. Limit exists.
Ho( 202+ x)) 202+0) 4 1IE exXIsts
17. Limit exists.
2 2
6 Tim 253 g 252 18. Limit does not exist.

e 19. Limit exists

4, 3 4 S
7. An end behavior model for %is Ls = ix. 20, Limit exists.
2x°+128  12x° 12 21. Yes
Therefore 22. No
A S | 23.No
lim ——=lm —x=oc
xoe012x7 +128 x> 12 24. Yes
4, .3
fim — T fim Ly e 25.(a) lim g(x)=1
w2 12X 4128 xo—12 o
in2x 1 in2x 1 1 (b) g(3)=15
8. lim o=t =~ fim o = ()=~
-0 4x 2x-0 2x 2 2

(c) No, since lim g(x)# g(3).
x—3"

9. Multiply the numerator and denominator by sin x. o ) ) .
(d) g is discontinuous at x = 3 (and at points not in the

xcscx+1 X +sinx (1+ sinx) domain).

lim = lim = lim
¥20 xescx X'”O X ¥=0 (e) Yes, the discontinuity at x = 3 can be removed by
_ (lim 1) +(lim S x J —1+1=2 assigning the value 1 to g(3).

x—0 x—0 X

X



26. (a) linll, k(x)=1.5
(b) lirr11+ k(x)=0
©) k(1)=0
(d) No, since lin?, k(x)# k()

(e) k is discontinuous at x = 1 (and at points not in the
domain).

(f) No, the discontinuity at x = 1 is not removable because
the one-sided limits are different.

27. \\_

"

)

[—4, 4] by [-3, 3]

(a) Vertical asymptote: x = -2

+
(b) Lefthand limit= lim > 3 .
-2 x+2
Righthand Timit: Tim 2> = eo
-2 x+2

=7
Al

[-4.4] by [-3,3]

(a) Vertical asymptotes: x =0, x = -2
(b) Atx=0:

Lefthand limit = lim —*—"

0" x2(x+2) o

Righthand limit= lim 2)‘;1 = oo
0" x“(x+2)
Atx=-2:
.. . x—1

Left-hand limit = lim - =

=2 x7(x+2)
Righthand limit = Tim —" 1 = —co

2" xz(x +2) -
29. (a) Atx=-1:
Left-hand limit= lim f(x)= lim (1)=1
x—-1" x—==1
Righthand limit= lim f(x)= lim (-x)=1
x—>—1" x——1"
Atx=0:
Left-hand limit = lim f(x)= lim (—x)=0
x—0" x—=0"
Right-hand limit= lim f(x)= lim (—x)=0
x—0" x—0"
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Atx=1:
Left-hand limit = lim f(x)= lim (—x)=-1
x—=1" x—=1"
Right-hand limit = lim f(x)= lim (I)=1
x—1* x—-1*

(b) At x=-1: Yes, the limit is 1.
At x = 0: Yes, the limit is 0.

At x = 1: No, the limit doesn’t exist because the
two one-sided limits are different.

(¢) Atx =-1: Continuous because f (—1) = the limit.
At x = 0: Discontinuous because f (0) # the limit.
At x = 1: Discontinuous because the limit does
not exist.

30. (a) Lefthand limit= lim f(x)= lim ‘x:‘ - 4x‘
x—1 x>
= -4m|=]-3=3
Right-hand limit = lim f(x)= lim (x* —2x—2)
x—l* x—1*
=1)*-2()-2=-3
(b) No, because the two one-sided limits are different.
(c) Every place except forx =1
d) Atx=1

31. Since f (x) is a quotient of polynomials, it is continuous and
its points of discontinuity are the points where it is
undefined, namely x = -2 and x = 2.

32. There are no points of discontinuity, since g(x) is
continuous and defined for all real numbers.

33. (a) End behavior model: Z—X or 2
X

X
(b) Horizontal asymptote: y = 0 (the x-axis)

2
34. (a) End behavior model: 2%, or2
X

(b) Horizontal asymptote: y = 2

3

35. (a) End behavior model: x ,or x2
X

(b) Since the end behavior model is quadratic, there are no
horizontal asymptotes.

4
36. (a) End behavior model: x—3 ,0r X
X

(b) Since the end behavior model represents a
nonhorizontal line, there are no horizontal asymptotes.

X
37. (a) Since lim a +Ae = lim (i%— 1) =1,aright end

x—e0 @F x| @

behavior model is e*.

X=X X—>—00 X

X X
(b) Since lim ¢~ = fim (1+6J=1,aleftend

behavior model is x.
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38. (a, b) Note that lim b = lim L =0 and
x—>Foo ln‘x‘ x—>teo ln‘x‘

Lo sinx L allx 0,
ln‘x‘ ln‘x‘ ln‘x‘

Therefore, the Sandwich Theorem gives

sin x

——=0.Hence

x—>+oo ln‘x‘

L L LE SN IR =1+0=1,
x>0 ln‘x‘ x—deo ln‘x‘

so In ‘x‘ is both a right end behavior model and a

left end behavior model.

2 - —

39, lim f(x) = lim X 2X =15 _ i (=3 4)
x=3 x—3 x—3 x—3 x=3
=lim(x+5)=3+5=8.

x—3

Assign the value k = 8.
sinx 1 sinx 1

40. lim f(x)=lim —— = —lim ——
x—0

1
=(h=—
x—=0 2x 2x50 X 2 2

1
Assign the value k = 3

41. One possible answer:

y
10

y=fx)

T T I T BN

10

42. One possible answer:

5

y=fx)

a [ED-fO) _2-1_2

7/2—0 w2 w

1 24 1 5
_ —m(a+h)"H—-—ma"H
44, lim L AEDV@ 3 3
h—0 h h—0 h
2 2 2
=177Hlima +2ah+h"—a
h—0 h

= 177'H lim (2a+ h)
3 h—0

1
=—mH(2
377(0)

=—maH
3

. Sta+h)—S@) .. 6(a+h)*—6a>
45. lim = lim
h—0 h h—0 h
. 6a*+12ah+6h*—6a*
= lim
h—0 h

=lim (12a+6h)
h—0

=12a

46, fim 2@~ y@
h—0

2 A2
— fim [(a+h)—(a+h)-2]—-(a"—a-2)
h—0 h
. d’+2ah+h*—a—h-2-a*+a+2
= lim
h—0 h

. 2ah+h*—h
= hmi
h—0 h
=lima+h—1)
h—0

=2a-1

2
f(1+h2—f(1) = i LA A7 =30+ W] (=2)

h—0 h
_ 142h+h*-3-3h+2

= lim
h—0 h

=lim (—1+h)
h—0

=-1

47. (a) lim
h—0

(b) The tangent at P has slope —1 and passes through

1, -2).
y=-1x-1)-2
y=-x-1
(¢) The normal at P has slope 1 and passes through (1, -2).
y=1l(x-1)-2
y=x-3



48. At x = qa, the slope of the curve is

- fla+th)=f(a) .. [a+h)’=3a+h)]-(a*-3a)
lim = lim
h—0 h h—0 h
. a®+2ah+h*=3a-3h-a*+3a
= lim
h—0 h
2ah—3h+h?
=lim X2
h—0 h
= lim (2a—3+h)
h—0
=2a-3

The tangent is horizontal when 2a — 3 =0, at

a= 3(orx = ;J Since f(z) = —%, the point where this

2
. (3 9
occursis | —,—— |.
2 4
200 200
49. (a) p(o) = 1+ 764)_1(0*) = ? =25

Perhaps this is the number of bears placed in the
reserve when it was established.
2 2
(b) lim p(#)=lim _ 200 = 200 =200
o0 =0 |+ T 01 1
(c) Perhaps this is the maximum number of bears which
the reserve can support due to limitations of food, space,
or other resources. Or, perhaps the number is capped at
200 and excess bears are moved to other locations.

3.20-1.35int(—x +1), 0<x<20

50. (a) f(x):{o’ oo

(Note that we cannot use the formula f (x) = 3.20 + 1.35
int x, because it gives incorrect results when x is an
integer.)

(b)

[0, 20] by [-5, 32]
f1is discontinuous at integer values of x: 0, 1,2, ..., 19.

51. (a)

[5, 20] by [15000, 18000]

17,019-15,487 1532

b) PQ, =
(®) PO, 2003—1998 5
_17,019-15,759 _ 1260

PO, =
2 2003-1999 4

=306.4

=315
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_17,019-15,983 1036

PQ, = =345.3
37 2003-2000 3

po, < 1701916355 _664 ..,
2003-2001 2

_17,019-16,692 _ 327

PO. = =327
s 20032002 1

(c) We use the average rate of change in the population
from 2002 to 2003 which is 327,000

(d) y=309.457 x + 12966.533, rate of change is 309
thousand because rate of change of a linear function is
its slope.

52.Let A=1lim f(x) and B=1limg(x). Then A + B=2 and
Xx—c X—C
A - B=1. Adding, we have 2A =3,s0 A= % whence

3 + B =2, which gives B= l Therefore, lim f(x) = 3
2 2 x—¢ 2

1
and lim g(x)=—.
X—C 2

53.(@)x-9=0
All x not equal to -3 or 3.
(b)x=-3,x=3

y=0
(d) When x —9— 0, f(x) > oo,
x =-3 and x = 3 are discontinuous.

(e) Yes. It is continuous at every point in its domain.
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54.(a) fQ)=x"—a" —x
=) -a*2
=4-24%
(b) f(2)=4-2x7
=4-2(2)
=4-8=—-4
(¢) For x #2,fis continuous. For x =2, we have
lim f(x)= lim f(x)=f(2)=—4aslongas a==2.
x—27 x—2"

3
5. (a) g(x)= "5 =x
X

fo -2+l 1
8(x)

_x3—2x2+1

(b)

x> +3 X

x> +3x

Chapter 3
Derivatives

Section 3.1 Derivative of a Function
(pp. 99-108)

Exploration 1 Reading the Graphs
1. The graph in Figure 3.3b represents the rate of change of

the depth of the water in the ditch with respect to time.
Since y is measured in inches and x is measured in days, the

derivative 3—y would be measured in inches per day. Those
X
are the units that should be used along the y-axis in Figure

3.3b.

2. The water in the ditch is 1 inch deep at the start of the first

day and rising rapidly. It continues to rise, at a gradually
decreasing rate, until the end of the second day, when it
achieves a maximum depth of 5 inches. During days 3, 4, 5,
and 6, the water level goes down, until it reaches a depth of
1 inch at the end of day 6. During the seventh day it rises
again, almost to a depth of 2 inches.

3. The weather appears to have been wettest at the beginning

of day 1 (when the water level was rising fastest) and driest
at the end of day 4 (when the water level was declining the
fastest).

4. The highest point on the graph of the derivative shows

where the water is rising the fastest, while the lowest point
(most negative) on the graph of the derivative shows where
the water is declining the fastest.

5.

6.

The y-coordinate of point C gives the maximum depth of
the water level in the ditch over the 7-day period, while the
x-coordinate of C gives the time during the 7-day period
that the maximum depth occurred. The derivative of the
function changes sign from positive to negative at C’,
indicating that this is when the water level stops rising

and begins falling.

Water continues to run down sides of hills and through
underground streams long after the rain has stopped falling.
Depending on how much high ground is located near the
ditch, water from the first day’s rain could still be flowing
into the ditch several days later. Engineers responsible for
flood control of major rivers must take this into consideration
when they predict when floodwaters will “crest,” and at
what levels.

Quick Review 3.1

1.

. lim
x—4 \/; —2 x4

. Q+h* -4 . (4+4h+h*)-4
lim = lim
h—0 4 ) h
=lim4+h
h—0
=4+0=4
. x+3 2+3 5
. lim —=——-==

x—=2" 2 2 2

ki

. Since — =—1for y <0, lim M=—1.
y

yo0 Yy
2(x +2(x-2)
Jx-2

= lim 2x +2)=2(4+2)=8

2x—8

= lim

. The vertex of the parabola is at (0, 1). The slope of the line

through (0, 1) and another point (, A*+ 1) on the parabola
(M +D-1
is———
h-0
tangent to the parabola at its vertex is 0.

= h. Since lim & = 0, the slope of the line
h—0

. Use the graph of fin the window [-6, 6] by [—4, 4] to find

that (0, 2) is the coordinate of the high point and (2, -2) is
the coordinate of the low point. Therefore, f is increasing
on (—eo, 0] and [2, o).

. lim f(x)=lim (x-1)>=(1-1)*=0
x—-l1t x—It

lim f(x)=lm(x+2)=1+2=3
x—=1- x—=1-

. lim f(+h)=lim f(x)=0
h—0t x>t

. No, the two one-sided limits are different (see Exercise 7).

10.

No, fis discontinuous at x = 1 because lim f(x) does not exist.
x—l1



